We develop design principles for active topolectrical circuits (ATCs) by exploiting a mathematical correspondence between active mechanical metamaterials and nonlinear electronic circuits. Building on a generic nonlinear oscillator representation of active circuit elements, we demonstrate and characterize self-organized, self-sustained, topologically protected, global edge states for both onedimensional (1D) and two-dimensional (2D) ATCs. Furthermore, our analysis shows how one can induce persistent localized bulk wave patterns by strategically placing defects in 2D lattice ATCs. These results provide key elements for the practical realization of autonomous electrical circuits with robust functionality in arbitrarily high dimensions.
Information transfer and storage in natural and manmade active systems, from sensory organs [1] [2] [3] to the internet, rely on the robust exchange of electrical signals between a large number of autonomous units that balance local energy uptake and dissipation [4, 5] . Recent advances in the understanding of photonic [6] [7] [8] , acoustic [9] and mechanical [10] [11] [12] [13] metamaterials have shown that topological protection [14] [15] [16] [17] [18] [19] enables the stabilization and localization of signal propagation in passive and active [20, 21] dynamical systems that violate timereversal and/or other symmetries. Important recent work has successfully applied these ideas to realize passive, linear [22] [23] [24] [25] [26] and nonlinear [27, 28] topolectrical circuits that exhibit decaying topologically protected modes. Despite substantial recent progress in the development of topological nonlinear optics [29] [30] [31] [32] [33] and transmission lines [34] [35] [36] [37] , the generalization to active [38, 39] nonlinear circuits consisting of autonomously acting units [40] still poses theoretical and practical challenges. Exploiting a mathematical analogy with active Brownian particle systems [21] , we develop and demonstrate general design principles for active topolectrical circuits (ATCs) that achieve self-organized, self-sustained, topologically protected current patterns. The main building blocks of ATCs are nonlinear dissipative elements that exhibit an effectively negative resistance (NR) over a certain voltage range. NRs can be realized using van der Pol (vdP) circuits [41] , tunnel diodes, unijunction transistors or solidstate thyristors [42] , and the design principles described below are applicable to all these systems.
Active electronic circuits have been studied previously as models of neuronal networks [41] and solitary signal transport [4, 5] . To leading order, the NR elements in an active circuit can be described [4, 5] by a Rayleightype resistance R(V ) = −(α − 3γV
2 ), where α and γ are positive parameters. An archetypal example is the vdP oscillator circuit with inductance C and capacitance L ii , as shown in Fig. 1(a) . When expressed in terms of the rescaled dimensionless voltage x i = 3γ/α V i , the dynamics of an isolated vdP-unit i is governed by [43] 
where
is intimately related to that of a harmonically trapped active Brownian particle [44] , with position coordinate y and velocity u =ẏ described by the standard cubic friction modelu = ε(1 − u 2 /3)u − βy. Upon taking the time derivative and identifying u =ẏ = x i , one recovers Eq. (1). It was shown recently [21] that suitably coupled mechanical chains of active Brownian particles can autonomously actuate topological modes. This insight can be used as guidance for the design of ATCs.
To design an ATC with desired topological properties, we generalize Eq. (1) by introducing suitably chosen couplings between vdP units i and j through inductances L ij ; see Fig. 1(b,c) for two examples. Assuming identical vdP units and introducing the symmetric coupling matrix elements
Interpreting each individual vdP unit as a vertex node in the network graph [ Fig. 1 spinless fermions [45] , the SSH model is known to support topologically protected boundary modes in a variety of quantum [46] and classical [13, 21, 23] systems. The n × n SSH coupling matrix for the case of n = 6 unit vdPs reads
with the diagonal elements β ii = g > 0 representing the electrical grounds. The off-diagonal entries w > 0 and s > w > 0 encode the weak and strong couplings, respectively. Adding more units extends the matrix symmetrically along the diagonal. The strongly coupled nodes form 'dimers' which are connected to each other through weak bonds [thin lines in Fig. 1(b) ].
To gain intuition about the dynamics of the 1D SSH circuit, it is instructive to first consider the passive topolectrical SSH circuit with ε = 0 and s w. Then, Eqs. (2) and (3) reduce to a linear dynamical system that exhibits topologically protected, exponentially localized modes at both ends of the chain [46] . These edge modes have finite-frequency for g > 0 and become zero-modes as g → 0. Their presence can be illustrated by considering a passive circuit in the almost fully dimerized topological regime (w s) with all nodes initially at rest, x i (t) =ẋ i (t) = 0 for t < 0. Upon initializing the chain by imposing a nonzero voltage value at the left edge, x 1 (0) > 0, the boundary node will oscillate with a nonzero amplitude at frequency √ g, while the amplitudes of the other nodes remain exponentially small [ Fig. 1 
In the next part, we will see that ATCs with ε > 0 exhibit fundamentally different behaviors that promise a broad range of novel applications. Adding just a small amount of activity (0 < ε √ g)
significantly alters the dynamics of the edge and bulk oscillators [ Fig. 1(e-g) ]. In the topological regime, characterized by s w and g ≥ s + w, the boundary nodes are only weakly coupled to the bulk and behave similarly to isolated vdP oscillators. The active local energy input renders the rest state (x i =ẋ i = 0) unstable, forcing the boundary nodes to approach a stable limit cycle corresponding to a fast oscillation at frequency √ g [ Fig. 1(e,f) ]. By contrast, bulk nodes are strongly coupled to one or more neighbors, resulting in a distinctly different bulk dynamics reminiscent of highly nonlinear relaxation oscillations [ Fig. 1(e,g) ].
For fully decoupled pairs of vdP oscillators, one expects stable phase-locked solutions with relative phase 0 or π [47, 48] . To obtain further analytical insight into the bulk dynamics, we linearize Eqs. (2) near the rest state. The resulting dynamical matrix has eigenvalues
, where µ k are the eigenvalues of the coupling matrix β (Supplementary Material). In the fully dimerized limit (w → 0), µ k can be calculated explicitly and one finds two degenerate eigenstates at µ k = g, corresponding to the topologically protected edge modes, and n − 2 degenerate bulk modes at µ k = g ± s (Supplementary Material). The bulk eigenvectors are pairwise localized with components (1, ±1) on one of the dimers, and zero everywhere else, corresponding to a low-energy in-phase oscillation (µ k = g − s) and a high-energy anti-phase (µ k = g + s) oscillation (Sup-plementary Material). This implies that the dimers' dynamics near the rest state is approximately decoupled and governed by the eigenvalues √ −g ∓ s. If g > s, all modes are oscillatory (for g < s, the anti-phase mode becomes unstable and may cause damage to the circuit). Armed with these analytical insights, we next characterize numerically the striking nonlinear effects that arise in ATCs. In the simulations, we can fix g = 1 without loss of generality, which is equivalent to dividing Eq. (2) by g and rescaling t → t/ √ g, ε → ε/ √ g, s → s/g and w → w/g. In contrast to passive (ε = 0) topolectrical circuits, which remain quiescent in the bulk when initiated at the edge [ Fig. 1(d) ], ATCs with ε > 0 exhibit complex self-organization and synchronization phenomena. To explain the underlying physical mechanisms, we consider the 1D SSH ATC from Fig. 1(b) with the same initial condition as for the passive circuit in Fig. 1(d) . When one edge node of the ATC is initialized at time t = 0, it rapidly settles into a fast limit-cycle oscillation [ Fig. 1(e,f) ], as predicted above. As it gets activated, the edge mode imparts a weak external forcing on the neighboring strongly-coupled dimer. The combination of forcing and local energy input from the negative resistance drives the dimer into its low-energy state, characterized by a slow nonlinear in-phase oscillation of the dimer nodes with period 2π/ √ g − s [ Fig. 1(e,g) ]. The first bulk dimer then in turn activates the second dimer, and so on, resulting in a globally synchronized bulk state. The activation front eventually reaches the last node, where it triggers the second topological edge mode [ Fig. 1(f) ]. The final state of the chain is a robust attractor that is self-sustained and could be used for active solitary signal transmission.
In practice, ATCs can be actuated with a wide range of initial conditions that can lead to different types of stable asymptotic behaviors [ Fig. 2] . To investigate the likelihood and characteristics of possible attractors, we simulated the active SSH circuit with n = 6 nodes with nonzero initial conditions on the bulk. Since the edge node initial conditions become negligible in this case due to the weak edge-bulk coupling, we fixed zero-initial conditions at the edges. Thus, the topological edge modes are actuated by the bulk dynamics in these simulations. Examples of low-energy and high-energy attractors with slow and fast bulk dimer oscillations, obtained with binary initial conditions in the bulk, x i (0) = ±0.1 andẋ i (0) = 0, are shown [ Fig. 2(a) ]. These attractors can be classified in terms of the relative signs of the n b = n − 2 = 4 bulk voltages x i at a fixed time. Normalizing by the sign of first bulk oscillator, we numerically find that there exist four different stable attractors corresponding to different possible combinations of in-phase and anti-phase dimer oscillations [ Fig. 2(a) ].
To estimate the likelihood of observing a specific attractor in experiments, we performed 50,000 simu- lations with randomly chosen bulk initial data. To explore a large neighborhood of the bulk limit cycle [ Fig. 1(g) ], initial conditions were sampled uniformly from the 8-dimensional domain
. These simulations predict that, in practice, low-energy states with in-phase bulk dimers are much more likely than high-energy attractors with many antiphase dimers [ Fig. 2(b) ]. Mixed in-phase/anti-phase dimer attractors are not observed for this parameter regime. Furthermore, even though the shape of the bulk limit cycles indicate a highly nonlinear relaxation dynamics [ Fig. 1(g) ], the numerically determined time-averaged frequencies φ , where ϕ(t) = arctan(ẋ(t)/x(t)), agree remarkably well with the bulk oscillation frequencies √ g ± s and boundary oscillation frequency √ g predicted by the linearized theory above [ Fig. 2(c) ]. Based on these observations, one expects that low-energy attractors with in-phase bulk dimer dynamics will also be dominant in more complex ATCs, and that their bulk and edge frequencies can be estimated from spectra of the coupling matrix β in the weak coupling limit. ATC implementations become particularly powerful in d ≥ 2 dimensions. Different types of 2D SSH lattices can be constructed by stacking 1D SSH chains and connecting them using alternating strong and weak couplings (Fig. 3) . This procedure allows the realization of two essentially different topological regimes: T1 -only the edges along one of the coordinate axes are in the topological coupling regime [ Fig. 3(a,b) ]; T2 -all the edges are in the topological coupling regime [ Fig. 3(c-f) ] (Supplementary Material). In the T1-regime, topologically protected modes exist along two opposite edges of a finite sample [ Fig. 3(b) ], whereas in the T2-regime they exist only at the corners [22] . Because essential aspects of the dynamics are qualitatively similar for both cases, we focus our discussion on the T2-regime [ Fig. 3(c) ]. In this case, one can distinguish three different groups of oscillators: corner oscillators that are only weakly coupled to their neighbors, strongly coupled vdP dimers along the edges that are similar to the 1D case, and quartets of strongly coupled vdP oscillators in the bulk. Each quartet is weakly coupled to its neighbors or the boundary. Analogous to the 1D case, the linear stability of the quartets can be analyzed independently in the weak-coupling limit w → 0. Then, the lowest-frequency mode is an in-phase state (1, 1; 1, 1) with period 2π/ √ g − 2s (Supplementary Material). Similar to the 1D case, in the limit (g − 2s) → 0 + , the bulk quartets collectively synchronize to the low-frequency in-phase state. However, the dimers on the boundary now oscillate at a frequency lower than that of the corner nodes, because (g − s) → s as (g − 2s) → 0 + . This opens the intriguing possibility of using topological protected modes to precisely control active oscillations in 2D ATCs.
Initializing the 2D active SSH circuits with a nonzero voltage at one of the corner nodes, one finds that essential qualitative features of the dynamics seen in 1D ATCs carry over to the 2D case. In particular, the boundary nodes belonging to topologically protected corner modes as well as the non-protected edge nodes become activated one after the other and settle down in their respective vdP limit cycles. Similarly, in the bulk, quartets of strongly coupled oscillators synchronize. Because the inphase state is the lowest-energy attractor above the quiescent state, the bulk synchronizes in a global in-phase pattern [ Fig. 3(b,d) ]. Thus, in both 1D and 2D ATCs, topologically protected edge modes become activated via self-sustained oscillations, while the bulk dynamics is almost decoupled, leading to synchronization.
Crucially, this ATC self-organization principle remains valid in the presence of defects, demonstrating that topological protection phenomena can survive in the nonlinear regime ε > 0 [ Fig. 3(e,f) ]. Introducing a boundary defect in a passive (ε = 0) 2D SSH grid by removing a few unit cells does not affect the localized nature of the edge state, which now wraps around the defect due to topological protection from the linear coupling. Self-sustained oscillations in nonlinear active (ε > 0) circuits inherit this topological protection globally: in the presence of edge defects, all boundary nodes continue to oscillate at a high non-zero frequency while bulk quartets synchronize at low frequency [ Fig. 3(e) ]. Similarly, bulk defects also lead to localized nonlinear edge oscillations [ Fig. 3(f) ]. These results show that the SSH network topology can be used to precisely control the individual and collective behavior of coupled nonlinear oscillators.
Last but not least, the above ideas can be extended to achieve control of active traveling wave patterns by means of non-topological defects. By strategically placing bulk defects, one can guide the self-organization of active wave patterns that can be initiated from a single corner node (Fig. 4) .
In conclusion, the theory of active topolectrical circuits developed here promises a wide range of applications, from active wave guides to autonomous electronic circuits with topologically protected functionalities. The above framework can be integrated with recently developed methods for the inverse design of network-based metamaterial structures [49, 50] , to optimize and tailor the node couplings and transmission properties. By designing the coupling matrix β such that the associated dynamical matrix possesses chiral [40] or other symmetries, it is possible to realize different topological phases with the vdP oscillator as a generic nonlinearity. Another intriguing prospect is the possibility of creating and studying electronic metamaterials with effective dimensions d > 3 that appear to be difficult to access otherwise. Beyond man-made devices, the above results suggest that it would be interesting to explore whether active biological circuits may use topological coupling regimes to facilitate robust signal transport and information storage. 
